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ABSTRACT
Motivated by recent discussions, both in private and in the literature, we use a Monte
Carlo simulation of planetary systems to investigate sources of bias in determining
the mass-radius distribution of exoplanets for the two primary techniques used to
measure planetary masses—Radial Velocities (RVs) and Transit Timing Variations
(TTVs). We assert that mass measurements derived from these two methods are com-
parably reliable—as the physics underlying their respective signals is well understood.
Nevertheless, their sensitivity to planet mass varies with the properties of the planets
themselves. We find that for a given planet size, the RV method tends to find planets
with higher mass while the sensitivity of TTVs is more uniform. This “sensitivity bias”
implies that a complete census of TTV systems is likely to yield a more robust estimate
of the mass-radius distribution provided there are not important physical differences
between planets near and far from mean-motion resonance. We discuss differences in
the sensitivity of the two methods with orbital period and system architecture, which
may compound the discrepancies between them (e.g., short period planets detectable
by RVs may be more dense due to atmospheric loss). We advocate for continued mass
measurements using both approaches as a means both to measure the masses of more
planets and to identify potential differences in planet structure that may result from
their dynamical and environmental histories.
Key words: Exoplanets Detection
1 INTRODUCTION
The detection of transiting exoplanets, coupled with dy-
namical measurements of their masses, allows us to de-
termine the relationship between a planet’s mass and its
size—especially in regimes where there are no solar system
analogs. Two means to determine planet masses dynami-
cally have been employed in recent discoveries. Radial Veloc-
ity (RV) measurements have been the longstanding pillar of
this effort and have produced most of the relevant mass de-
terminations. Transit Timing Variations (TTVs) have come
to the scene more recently and are enabled by the nearly
continuous observations of NASA’s Kepler mission (Borucki
et al. 2010). As new mass measurements continue to enlarge
our sample of characterized planets, differences in the planet
properties as determined by the two methods have become
increasingly apparent.
Figure 1 shows the values of the mass and radius for
many relevant planets (the data are taken directly from
Wolfgang et al. (2015)). The red (dashed) points in this
figure are planets characterized by RV data while the blue
(solid) points are determined from TTVs. We see from this
picture that the typical TTV planet has a systematically
lower density than its RV counterparts (falling below and/or
to the right of the RV planets). Initially, there was concern
that the measurements from one or the other method may
be incorrect (TTVs being the newer approach, was the most
suspicious) and discussions have arisen both in private con-
versations and in the literature regarding this apparent dis-
crepancy (e.g., Weiss and Marcy 2014; Jontof-Hutter et al.
2014; Dai et al. 2015). That being said, however, analyses
of both TTV and RV data on the Kepler-11 system and the
WASP-47 system show that the two methods yield the same
results Weiss (2015); Dai et al. (2015).
Besides, fundamentally both TTVs and RVs are mani-
festations of dynamical interactions via gravity (a physical
theory that is well vetted) so there is little reason to believe
that parameter estimates using either method are biased in
general. If they were, it would require systematic noise vari-
ations that follow either the orbital periods of the planets, or
the TTV modulation timescales, often for multiple planets
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Figure 1. Observed mass and radius data as reported in Wolf-
gang et al. (2015) with TTV measured planets shown as solid
blue and RV measured planets as dotted red. Note that the TTV
planets are systematically lower than the RV planets.
in the same system—which is somewhat unlikely. The main
source of bias for the two methods may come from unseen
planets contaminating the signal. Given the narrow-band
nature of TTV perturbations (observed planets with a given
period ratio produce a signal at a very specific frequency),
unseen planets may affect RV detections more significantly.
Multibody resonances that include an unseen planet, while
rare, would have a strong effect on both methods.
We propose that the differences between the densities
of planets measured by these two methods is not due to
either method giving incorrect results. Rather, these differ-
ences largely stem from the fact that the sensitivity of the
two methods depends upon the physical and orbital proper-
ties of the planets themselves. This “sensitivity bias” means
that the two methods are better suited to probing different
regions on the mass-radius plane. Here we conduct a Monte
Carlo simulation to determine the effects of this sensitivity
bias as it relates to understanding the mass-radius relation-
ship. In Section 2 we derive the dependence of the detection
signal-to-noise ratio (SNR) for the two methods. These ex-
pressions give insights into the results of our Monte Carlo
simulation of exoplanet systems that is outlined in Section
3. In Section 4 we present the results of our simulation—
noting the differences in the planet properties that are most
readily detected by each method. Finally, in Section 5 we
discuss the implications of our simulations as well as possi-
ble caveats that merit further observational and theoretical
study.
2 SIGNAL TO NOISE RATIOS
The physics of both methods, gravitational dynamics, is well
understood. However, how that physics is manifest in both
terms of the signal and the noise is different for the TTV
and RV methods. Nevertheless, in terms of the signal-to-
noise ratio, the problems of extracting planet parameters
are essentially the same—fitting a sine curve to noisy data.
In order to gain insight into the differences in sensitivity be-
tween the two methods we examine the important parameter
dependencies of the SNR for each.
The RV signal (here ΣRV) is essentially proportional to
the mass of the planet and its orbital velocity about the
host star. The noise in the RV measurements (here σRV)
comes from a combination of stellar, instrumental, environ-
mental, and statistical fluctuations. We will ignore the ef-
fects of planet multiplicity—they are issues for another time.
Thus, the SNR for RV data scales as:
SNRRV ≡ ΣRV
σRV
(1)
=
1
σRV
2piaMp
P
(2)
∼ Mp
σRVP 1/3
, (3)
where a is the semi-major axis of the planet orbit, P is
its orbital period, and Mp is the planet mass (units aren’t
particularly relevant here). We used Kepler’s law to remove
the dependence on a and dropped constant prefactors in the
last step as our goal is to primarily to see how the SNR
depends upon the properties of the planet in question and
not to make quantitative statements.
An SNR calculation for the TTV signal is less straight-
forward. Here the TTV signal is given by ΣTTV and the
uncertainty in the transit time is given by σ0 (we will use
σTTV later):
SNRTTV ≡ ΣTTV
σ0
. (4)
One important difference with the TTV SNR is that the
timing uncertainty σ0 depends upon the properties (size and
orbital period) of the planet that is perturbed by the planet
whose mass one is measuring. That is, if you want to mea-
sure the mass of one planet, you study the transit times of
the other planets in the system. In addition, the TTV signal
ΣTTV is a strong function of the orbital period ratio. In or-
der to proceed, we make the approximation that the orbital
period and size of the perturbing planet are comparable to
that of the transiting planet—a reasonable approximation
for our purposes as we, again, are looking for a functional
form to give insight rather than one to make quantitative
statements.
Thus, the general form of the TTV signal is
ΣTTV = f(P)MpP (5)
where P is the ratio of orbital periods and the function f
encapsulates the dependence on the period ratio. This func-
tion f itself scales approximately as f ∼ 1/∆ where ∆ is
a measure of distance from an MMR. Issues related to this
dependence on period ratio are beside the point of this work
and interested readers are directed to the body of literature
dealing with the nature of the TTV signal for details (e.g.,
Agol et al. (2005); Holman and Murray (2005); Nesvorny´
and Morbidelli (2008); Lithwick and Wu (2012); Hadden and
Lithwick (2015); Deck and Agol (2015)). Therefore, we will
drop the function f , yielding the straightforward dependence
ΣTTV ∼MpP. (6)
To separate the effects of the planet from those of the
instrument, star, etc., we look more carefully at the param-
eters that contribute to the timing uncertainty. Carter et al.
(2008) and Price and Rogers (2014) show that, under appro-
priate circumstances (e.g., knowledge of the out-of-transit
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stellar flux and small impact parameter), the uncertainty in
transit times is given by the expression
σ0 =
1
Q
√
τT
2
(7)
where τ is the ingress and egress duration, T is the transit
duration, and Q is
Q =
δ
σ
√
ΓT . (8)
In this expression for Q, Γ is the sampling cadence, σ encap-
sulates the fundamental statistical and instrumental noise
properties, and δ is the depth of the transit signal:
δ = f0
(
Rp
R?
)2
, (9)
where f0 is the out-of-transit flux from the star.
Beginning with Equation (7) we have:
σ0 =
1
Q
√
τT
2
(10)
=
σ
δ
√
τT
2ΓT
(11)
∼ σTTV
R2p
√
τ (12)
∼ σTTVP
1/6
R
3/2
p
, (13)
where σTTV includes all of the factors that deal with the
cadence, the star, and other systematic effects (recall that
σTTV is not the uncertainty in the transit time). The last
step uses the fact that the duration of ingress and egress are
given by the planet size and orbital velocity (τ ∼ Rpa/P =
RpP
−1/3). Note that, within the context of this analysis
(which comes from the Fisher matrix) the timing uncer-
tainty is independent of the transit duration T . Finally, we
use this last expression for σ0 to arrive at the TTV SNR:
SNRTTV ∼ MpR
3/2
p P
5/6
σTTV
. (14)
(As before, factors of order unity have been dropped.)
Comparing Equations (14) and (3) we see that a large
planet radius or a longer orbital period can enable measure-
ments of planets with smaller masses. The different depen-
dencies on orbital period implies that, for a given mass, RV
planets will have systematically shorter orbits. The differ-
ence in SNR (i.e., the sensitivity bias) for the two methods
is partly responsible for the different densities of planets
measured by them—rather than incorrect or biased mass
measurements themselves.
3 MONTE CARLO
In order to understand the effects of this sensitivity bias
between the two measurment techniques, we conducted a
Monte Carlo simulation of a large population of Kepler -like,
two-planet systems. Since most TTV signals are dominated
by only one or (at most) two planets, the two-planet model
is justified. Even if two perturbers contribute a comparable
amount, the signal will be at most ∼ √2 larger and therefore
would not make an appreciable difference for our purposes.
All of our observational data related to Kepler planet candi-
dates comes from the Quarter 17 (Q17) catalog at the NASA
Exoplanet Archive.
To construct a system we fix the stellar mass to one
solar mass. We draw random values for the initial orbital
period, planet size, eccentricity, and longitude of pericenter
for the inner planet. The outer planet is then constructed
using estimated distributions for planet orbital period ratios
and size ratios. Planet masses are assigned randomly using
the mass-radius relationship given in (Wolfgang et al. 2015):
M
M⊕
∼ Normal
(
µ = 2.7
(
R
R⊕
)1/3
, σ = 1.9
)
. (15)
Eccentricities for all planets are Rayleigh distributed
with a Rayleigh parameter of 0.026—which makes the eccen-
tricity distribution comparable to rough estimates of the dis-
tribution of mutual orbital inclinations (0.026 = 1.5◦pi/180).
We note that our goal is to produce a sample that is approx-
imately consistent with the observed Kepler planet candi-
dates and not to make definitive statements about the spe-
cific choices for those distributions or their parameter values.
The distribution of inner planet orbital periods comes
from a maximum likelihood fit of the observed distribu-
tion of orbital periods for the Kepler planet candidates to
a log-normal distribution. There are a variety of reasons we
choose not to use the distribution of only the innermost plan-
ets (e.g., we aren’t interested in only the innermost planet
pairs). Regardless, the differences between the distribution
of innermost planets and all planets is small—in part be-
cause the candidate list is dominated by single-planet sys-
tems. Figure 2 shows this distribution and our model, which
has a log mean of 1.15 (14 days) and a log standard devia-
tion of 0.654 (typical innermost planets have orbital periods
between 3 and 63 days). We drop all planets with orbital
periods less than 1 day.
This last choice will have only a tiny effect on the differ-
ences between the RV and TTV methods in our simulation,
but it does reflect a dichotomy between systems that are
accessible to the different methods. Specifically, the RV sig-
nal is larger at shorter orbital periods and there are exam-
ples of short-period RV planets from Kepler (e.g., Kepler-10
Batalha et al. (2011)). On the other hand, planets on such
short orbital periods typically do not have nearby compan-
ions that would induce a large TTV signal Steffen and Farr
(2013)—to date there are no exceptions to this rule for solar-
type stars through mid-M (Kepler-42 (Muirhead et al. 2012)
is the lone counter example, but it is a very-late M near 0.1
M).
The distribution of inner planet sizes was similarly esti-
mated from a maximum likelihood fit to the observed distri-
bution of planet sizes. Here the observed distribution was ap-
proximated by a mixture of three log-normal distributions—
one that represents the typical, small Kepler planet, one that
represents gas giants, and one that represents a sample of
very large candidates (e.g., hundreds of Earth radii). To fa-
cilitate the convergence of this model, only the two mixture
ratios, the mean and standard deviation of the small planets,
and the standard deviation of the giant planets were allowed
to float (the mean of the giant planet population was fixed
at 10R⊕ and the log mean and log standard deviation of the
outliers were fixed at 1.7 and 0.25 respectively). The results
of this fit are shown in Figure 3. For our simulation we use
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Figure 2. Distribution of observed (histogram) and simulated
(curve) orbital periods. The model for the simulated distribution
is log-normal with (log) mean 1.15 and standard deviation 0.654.
Realizations from this model with periods less than one day were
discarded.
Figure 3. Distribution of observed (histogram) and simulated
(curves) planet sizes. The model included three log normal distri-
butions representing small planets, gas giants, and outlier signals.
The dashed curve represents the sum of the three distributions
while the solid curve represents the contribution only from the
small planets. Monte Carlo realizations for the inner planet sizes
were chosen from the small planet distribution which had a (log)
mean of 0.244 and standard deviation of 0.208.
only the distribution that corresponds to the small planets
with a log mean and standard deviation of 0.244 and 0.208
respectively. We exclude from our simulation any planets
smaller than 0.5R⊕.
The ratio of the orbital periods of the inner and outer
planets were selected from the truncated Rayleigh distribu-
tion used as a model in (Steffen and Farr 2013). Specifi-
cally the period ratios must be larger than 1.1 (0.0414 in
log space) and the (log) Rayleigh parameter is 0.28. Figure
4 shows this distribution along with a histogram of the ob-
served distribution of period ratios. For this work, we did
not fit a new period-ratio distribution (and for simplicity
we did not use the bias-corrected distribution from (Steffen
and Hwang 2015)). We point to Figure 4 as evidence that
the model we use is a reasonable approximation to what
is observed. Ultimately, the RV signal we consider will not
Figure 4. Distribution of observed (histogram) and simulated
orbital period ratios. The distribution for simulated period ratios
is taken from (Steffen and Farr 2013) and is not a fit to the
data (indicated by a dashed rather than a solid curve)—unlike
the other distributions. This model is a Rayleigh distribution in
log space, truncated to include values larger than 0.0414 (period
ratios larger than 1.1) and with a Rayleigh parameter of 0.28. The
orbital period of the inner planet was chosen from the distribution
in Figure 2 and the orbital period of the outer planet was chosen
using this distribution. A consequence of this approach is that
the distribution of outer planet orbital periods will be somewhat
more broad than that of the inner planets (and hence more broad
than the observed orbital periods). This difference, however, will
not make any substantive change to our conclusions.
be affected by this choice and the nature of the TTV signal
will select planet pairs from small regions near Mean-Motion
Resonance (MMR). Thus, a substantial variety of smooth
distributions would yield similar results.
The size ratio of the inner planet to the outer planet was
chosen using a fitted (log-normal) model to the distribution
of size ratios given in Ciardi et al. (2013). The fitted values
for the log mean and standard deviations are 0.0514 and
0.190 respectively (i.e., the typical outer planet is 12% larger
than the inner planet, though the distribution is broad).
Figure 5 shows the data from Ciardi et al. (2013) and our
model fit. Planet masses are assigned to each of the planets
using the mass-radius distribution given in Wolfgang et al.
(2015).
The RV precision that we assign to each planet is drawn
from a log normal distribution truncated to be larger than
0.5 m/s. The (log) mean and standard deviation of the distri-
bution are 0.5 and 0.2 respectively—corresponding to a peak
in the distribution near 3.2 m/s. These parameters are not
a fit to any existing data, but were chosen to approximately
match the results seen in modern spectrographs when stellar
noise and other systematic effects are included (Fisher and
Johnson 2015). This distribution is shown in Figure 6.
Finally, there are a few other items we need in order to
calculate the TTV signal for our sample systems. First, from
our initial sample of 104 systems we randomly select 5000
for the TTV calculation. We choose the time of first transit
of the inner planet to be zero and the time of first transit
of the outer planet to be a random number between zero
and one orbital period of the outer planet. We assume the
system to be coplanar (mutual inclinations of ∼ 1.5◦ would
have a negligible effect on these results). We also assign a
c© 0000 RAS, MNRAS 000, 1–9
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Figure 5. Distribution of observed (data) and simulated planet
size ratios. The data were taken from (Ciardi et al. 2013) and
the model is a fit to those data. It is log normal with a (log)
mean of 0.0514 and standard deviation of 0.190. The size of the
inner planet was drawn from the distribution in Figure 3 and
the size of the outer planet was selected using this distribution.
A consequence of this approach is that the distribution of outer
planet sizes will be slightly more broad than that of the inner
planets (and hence more broad than the observed planets). This
difference, as with the period ratio distribution, will not have a
substantive effect on our conclusions.
Figure 6. RV precision distribution used for our Monte Carlo
simulation. This distribution is a truncated log normal distribu-
tion restricted to values larger than 0.5 m/s and with a (log) mean
of 0.5 and standard deviation of 0.2. The peak of the distribution
is near 3.2 m/s.
timing precision for the transit midtimes. This assignment is
done using the median transit time uncertainties for the list
of KOIs from Holczer et al. (2015). We identify the 50 KOIs
that are nearest in size to our simulated planet and randomly
select the median timing uncertainty of 10 of them. Thus,
for each TTV system, we produce 10 SNR values. Figure 7
shows the median timing precision as a function of planet
size from Holczer et al. (2015).
4 RESULTS
The TTV signal, which we define as the standard deviation
of the timing residuals, is calculated for each planet using
Figure 7.Measured timing precision for Kepler planets as a func-
tion of planet radius as given in (Holczer et al. 2015). From these
data we assigned 10 timing precision values to each of the planets
in our TTV simulations. Those 10 precisions were randomly se-
lected from the 50 planets nearest in size to the simulated planet.
This approach captures many of the effects of stellar variabil-
ity in determining the timing precision. The dashed line (not a
fit) shows the predicted dependence on timing uncertainty with
R−3/2 as shown in Equation (13).
TTVFaster—analytic models given in (Agol and Deck 2015).
We identify as planet detections all individual planets where
the TTV signal induced on the companion planet in the
system is larger than two times its expected transit time
uncertainty (recall that for each planet we compare the TTV
signal to the measured timing uncertainty of 10 comparably-
sized candidates). In other words, if a given planet has a
large TTV signal, we claim to have measured the mass of
its perturbing planet.
Since the TTV signal has a strong dependence on the
ratio of orbital periods, we would expect that most TTV
discoveries have period ratios near MMR. The distribution
of period ratios that resulted in TTV detections is shown
in Figure 8. Indeed we see the peaks near first-order MMR.
Many of the planets that are somewhat far from MMR are
either relatively close to higher order resonances, such as
5:3, or have longer orbital periods—which also increases the
TTV SNR as shown in Equation (14).
Since our initially assigned eccentricities for the planets
is quite small (∼ 0.026) we use the circular approximation
for the RV signal for each planet in our sample. We select
as planet detections all of the individual planets with RV
amplitudes larger than the assigned RV precision (i.e., an
SNR of 1). Note that we are choosing an SNR of 1 for RVs
(where the RV “K” amplitude is the signal) and an effective
SNR of 2 for the TTVs (where the standard deviation of the
residuals is the signal). Our conclusions are not dependent
upon these, or other reasonable choices for what constitutes
a “detection”. If we were to use an SNR of
√
2 for TTV de-
tections our conclusions would generally be made stronger.
Figure 9 shows the planet mass as a function of radius
for planets less than 4M⊕ for the initial simulated systems
(gray dots) along with a random subsample of the RV and
TTV detections (blue squares and red crosses respectively).
We show only a subsample for legibility purposes. We see
from this figure the underlying mass-radius distribution of
Wolfgang et al. (2015)—the clipped portion near one Earth
c© 0000 RAS, MNRAS 000, 1–9
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Figure 8. A kernel density estimator distribution of period ra-
tios with detected TTV planets (the bandwidth for this figure is
0.01). There are peaks in this distribution near the expected, first-
order MMR (dashed vertical lines). Systems with TTV planets
farther from resonance also tended to have slightly larger orbital
periods—due to the fact that the TTV signal grows with orbital
distance.
Figure 9. Mass and radius of the simulated (gray dots) and a
random sample of the detected planets using RV (blue squares)
and TTVs (red crosses). Only a subsample of the detected plan-
ets were selected for readability purposes. Completeness contours
derived from our input distributions (assuming a fixed 2.5 m/s
RV noise—see text) are also shown. One can see that below a
certain size (here approximately 2.5 R⊕) the RV sample is biased
toward more massive planets while TTVs can be sensitive to less
massive planets of the same size. We note that some regions of
the plane (e.g., planets with particularly low or high density) are
not probed by the mass-radius distribution from (Wolfgang et al.
2015).
radius is the Iron density cutoff (M ∼ R3.7). We see that
for a given planet size, TTVs are able to detect planets with
lower masses. This fact is responsible, at least partially, for
the observation that planets characterized by TTVs have
had systematically lower density than those measured by
RVs.
Also shown in Figure 9 are completeness contours cal-
Figure 10. The fraction of successful TTV detections as a func-
tion of planet mass and radius determined by Monte Carlo sim-
ulation. We calculated the TTV signal for 20,000 planet pairs
where the planet mass and size were uniformly distributed across
this region of parameter space. Aside from the increasing trend
toward higher completeness as the planet size and mass grow, the
completeness surface is relatively flat (variations much less than
an order of magnitude, unlike RV sensitivity shown in Figure 9).
Due to the strong dependence of the TTV signal on period ratio,
we caution against using this completeness calculation for precise
quantitative estimates.
culated using our initial distributions—to simplify the cal-
culation of these contours we used a fixed RV prevision of
2.5 m/s. For a fixed RV prevision of this value, the devi-
ations from the underlying mass-radius relationship for the
detected planets (M−〈M〉) is almost indistinguishable from
the results of our full simulation where the RV precision is
a random variable. We see that there is a large rise in com-
pleteness throughout this range of planet masses. For plan-
ets of Neptune mass and larger (Neptune size and larger),
the completeness is quite good (& 80%), but for planets less
than about 5 M⊕ (2 R⊕) the completeness is more than an
order-of-magnitude smaller.
A useful contrast is to see the completeness for TTV
mass measurements in this same region of parameter space.
Figure 10 shows the results of a completeness estimate using
a Monte Carlo simulation of 20,000 planet pairs where planet
sizes were selected randomly across the region from 0 to 20
M⊕ and from 0.5 to 4 R⊕. Because TTV detections depend
so strongly on the period ratio of the planets, these com-
pleteness estimates should be considered only qualitatively
(especially since we did not use an initial period ratio dis-
tribution designed to reproduce the observed features near
MMR). Rather, the more important lesson from Figure 10 is
that the (somewhat noisy) completeness surface is relatively
flat with a slight rise toward larger sizes and larger masses
as expected—it does not change by orders-of-magnitude in
the same way that RV completeness does.
The differences in how the RV and TTV SNR vary with
planet size, mass, and orbital period result in the two meth-
ods preferentially applying to different regions of the planet
population parameter space. This difference in the regions
investigated by the two methods is especially true early on
in a scientific program (as they currently tend to function)
where high SNR targets are preferentially selected for addi-
tional scrutiny—and the differences in the sampled portions
c© 0000 RAS, MNRAS 000, 1–9
TTV vs. RV 7
Figure 11. Cumulative distribution of the simulated (green solid)
and detected planets from our simulations (RV planets are blue
dotted and TTV planets are orange dashed). The variable on the
horizontal axis is the difference between the simulated or detected
mass and the expectation value for that mass from the (Wolf-
gang et al. 2015) distribution (M ∼ 2.7R1.3). The thin dotted,
blue curves correspond to the distribution when the RV detection
threshold is modified to 1 and 0.5 m/s—the smaller this threshold,
the more the distribution resembles both the TTV distribution
and the true distribution.
of the population become more exaggerated. In order to best
see the differences in the planet samples detected by these
two methods, we look at the deviations of their masses from
the expected value given by our chosen mass-radius distri-
bution (i.e., M−〈M〉 = M−2.7R1/3 with M and R in Earth
units). Also shown are the distributions with a 1 m/s and
0.5 m/s threshold for RV detections. As the RV detection
threshold drops, the distribution converges as expected to-
ward both the TTV and true distributions. Figure 11 shows
the CDF of this quantity for the planet detections and the
underlying population. Figure 12 shows the same distribu-
tion, but restricting the planet sizes to those between 1.5
and 4.0 R⊕.
5 DISCUSSION
Interestingly (surprisingly to the author), we see from both
Figures 11 and 12 that the bias from RV detections is larger
than that from TTV detections. This bias stems primar-
ily from the fact that for a given radius, TTVs can detect
a wider range of masses—probing to planets with smaller
densities. Thus, if forced to choose between methods (which
we do not advocate), a complete TTV census would likely
yield a better mass-radius relationship in the regime where
planets transition from terrestrial to gaseous planets—the
regime where most Kepler planets lie.
The fact that a TTV census would be less biased, and
more sensitive to smaller planets, should be carefully con-
sidered when choosing an observing strategy for a transit
survey. If the primary goal of a transit survey is to discover
a large number of planets, then short observations of many
fields of view would be advantageous. The number of planet
discoveries would grow with the number of fields—though
the discoveries would be limited to those with short orbital
periods. If, however, one wants to measure the masses of
Figure 12. Cumulative distribution of the simulated (green solid)
and detected planets from our simulations (RV planets are blue
dotten while TTV planets are orange dashed) for small planets
with radii between 1.5 and 4 R⊕. The variable on the horizontal
axis is the difference between the simulated or detected mass and
the expectation for that mass using the (Wolfgang et al. 2015)
mass-radius distribution (R ∼ 2.7R1.3). We note that in this
regime, the smallest mass planets are more difficult to measure
with RV data than with TTV data and the TTV distribution
more closely matches the underlying population.
the discovered planets, to understand how planet properties
change with distance from the host star, or to characterize
the whole planetary system, then longer observations of a
single field of view is preferable since the information in the
TTV signal grows rapidly with a longer time series.
In particular, in the interval between the initial mani-
festation of the TTV signal until that signal completes an
entire TTV cycle, the sensitivity to planet mass grows with
∼ t5/2 (the signal grows as t3—the second term in the Tay-
lor expansion of the sine function—while the noise grows as
t1/2). If planet characterization via mass measurement is a
primary science driver, then a continuous time series of a
single field of view is nearly three times more valuable than
two fields being observed for half as long (25/2/2 ' 2.82).
And, for the foreseeable future, TTVs are the only method
capable of measuring the masses of the smallest planets out
at moderate orbital distances (e.g., in or near the habitable
zone of FGK dwarfs).
There are compelling reasons to pursue mass measure-
ments using both RV and TTV data. Among the most im-
portant is the possibility of populations of planets that have
dynamical histories different from the typical system and
which yield planets that are difficult to detect with one or
the other method. For example, any process that excites a
planet’s inclination makes TTV mass measurements much
more challenging since it is unlikely that all of the planets
that contribute to the TTV signal will transit the star. Con-
sequently, the analysis is exposed to significant degeneracies
in the signal for different MMRs. Therefore, a population
of systems with large mutual inclinations requires RV mea-
surements to fully characterize.
At the same time, a population of planets that have
particularly low densities will be difficult to measure with
RVs, yet may have a large TTV signal. Figure 13 shows the
detections for a population of planets with a uniform den-
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Figure 13. Mass and radius of planets with a constant density of
0.1 g/cm3 that are detected using RV (blue) and TTV (orange)
data. RV detections are vertically displaced by 0.5 M⊕ to make
the graph more legible. Here, RVs are only able to measure masses
of the largest of these planets—providing only upper limits for
smaller ones. If nature only produces the small variety of these
planets, then TTVs are the best means to measure their masses.
sity of 0.1 g/cm3. Most of these planets lie well below the
predictions of the Wolfgang et al. (2015) mass-radius distri-
bution, but we do observe planets with such low densities
(e.g., Masuda 2014; Jontof-Hutter et al. 2014). In that figure
we see that only the largest of these low-density planets are
seen with RVs while TTVs can detect them down to masses
much smaller than that of the Earth.
Ultimately, a number of effects may contribute to the
difference between the planets whose densities are measured
by TTVs and RVs. Most of this paper was devoted to issues
relating to the dependence of the SNR of the two methods on
the orbital and physical properties of the planets. Yet other
physical effects may induce changes in otherwise identical
planets. We identify two here which merit further investi-
gation. One is any correlation between planet size and the
flux it receives from the host star. The other is a potential
relationship between a planet’s properties and the likelihood
that it resides in or near MMR.
Planets orbiting close to their star may have smaller at-
mospheres and consequently higher densities. Since the RV
signal is stronger at shorter orbital periods it would favor
detecting planets with higher densities than either the pro-
genitors of the observed planets or of planets with similar
origins but with longer orbital periods. Figure 14 shows the
cumulative distribution of orbital periods for the initial and
detected planets and indicates the systematic differences in
orbital periods that are probed by the two methods.
To illustrate this orbital period dependence, we select
the planets listed in (Wolfgang et al. 2015) that were de-
tected with RVs and TTVs having orbital periods between
1 and 100 days. There are 50 planets detected with RVs and
16 with TTVs (this comprises all of the TTV systems and
50 of the 56 RV systems). We note that only one of the 56
RV systems has an orbital period over 100 days while five
(nearly 10%) of the systems have orbital periods less than
1 day (55 Cnc at 0.74 days, CoRoT-7 at 0.85, and Keplers-
10, 78, and 407 at 0.84, 0.35, and 0.67 days respectively). By
contrast, the shortest-period TTV planet is at 3.5 days. Fig-
Figure 14. Cumulative distribution of orbital periods of simu-
lated (green solid) and detected planets from our simulations (RV
planets are blue dotted while TTV planets are orange dashed).
This figure shows that RV measurements are more sensitive to
planets on shorter orbital periods while TTV planets are more
sensitive to longer orbital periods. We do not consider here issues
related to fewer transits at longer orbital periods, which reduces
the effectiveness of TTV estimates. One consequence of this dif-
ference in sensitivity is that any difference in planet structure
due to proximity to the host star (e.g., systematically smaller
planets due to evaporated atmospheres) would exacerbate the bi-
ases in the measured mass-radius relationships for each detection
method.
ure 15 shows the CDF of this sample of observed systems
with the simulated data satisfying the same 1 to 100-day
orbital period criterion. An Anderson-Darling test compar-
ing the simulated with the observed systems yields p-values
of 0.42 and 0.44 for the TTV and RV samples respectively.
Thus, even in the absence of specific effort to produce a com-
plete survey (especially of TTV systems) the dependence on
orbital period is manifest and agrees (i.e., doesn’t disagree)
with the model predictions.
Given this bias in sensitivity to planetary orbital pe-
riods, if there is a strong correlation between planet den-
sity and orbital period—especially near the host star—then
we would expect an exaggerated bias from the RV sample.
At the same time, planet pairs near first-order MMR may
have a history of strong or exotic dynamical interactions—
including possible couplings to the atmosphere (spin-orbit)
that could significantly affect the apparent size of the plan-
ets. Such a scenario could yield an overabundance of planet
mass measurements through TTVs if the planets near MMR
are systematically larger since the larger planet sizes reduce
the timing uncertainty. The true nature of the atmospheric
differences between planets near MMR or near the host star
is left for other work as a number of subtle effects must be
considered. For example, if RV planets migrated closer to
the host star than TTV systems, it may imply that they
formed from a more massive disk—which would generally
produce larger planets thereby negating some of the effects
of evaporation in the early lives of the systems. Both enu-
merating and accounting for the wide variety of possible
effects is nontrivial and will require detailed investigations.
We note that our study does not consider issues relat-
ing to the detection of the planet transits in the first place.
For planets that are sufficiently small as to be missed by the
c© 0000 RAS, MNRAS 000, 1–9
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Figure 15. Cumulative distribution of orbital periods of systems
detected from our simulations and actual exoplanet observations
with orbital periods from 1 to 100 days given in Wolfgang et al.
(2015). RV planets are blue (dotted) while TTV planets are or-
ange (dashed). The solid green line corresponds to the true distri-
bution. Even with a small sample, and with a heterogeneous tar-
get selection criteria, the differences in the distributions are clear
and are consistent with the predictions of our model. Anderson-
Darling tests comparing the data with its corresponding model
prediction yield p-values of 0.42 and 0.44 respectively for TTVs
and RVs.
transit survey, neither the RV nor the TTV method can yield
a datum on the mass-radius distribution. The planet could,
in principle, be detected by either method through its ef-
fect on the star or other planets in the system. However, the
lack of a transit signature means that the RV search would
be blind and the TTV search largely degenerate. Thus, for
the smallest and least massive planets, only new technolo-
gies in instrumentation can enable probes of that region of
parameter space.
Regardless of the details, in order for us to understand
the formation and physical histories of exoplanets, we need
to employ, in a systematic way, all of the tools available
to us. Based on our simulations, we find the importance
of TTV mass measurements to be clear—especially as it
pertains to planets with smaller sizes . 2R⊕ and at orbital
periods beyond a few days. Nevertheless, a comprehensive
study using both methods is the only means to empirically,
and reliably, measure the properties of exoplanets and their
abundances spanning the observed distributions of orbital
period and system architecture.
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